Abstract. We show that a rescale limit at any degenerate singularity of Ricci flow in dimension 3 is a steady gradient soliton. In particular, we give a geometric description of type I and type II singularities.
was introduced in Hamilton's paper [10] . In that paper, Hamilton first described the nondegenerate neck-pinching. Roughly speaking, one starts the Ricci flow on a dumbbell shaped 3-manifold, with the neck diffeomorphic to S 2 × [−1, 1]. It is expected that the neck shrinks in the S 2 direction, where the curvature is very positive, and, at the same time, stays relatively stationary in the R direction, where the curvature is slightly negative. After some time, the neck pinches off and forms a singularity. One step further, Hamilton purposed the notion of degenerate neck-pinching : reduce the left half of the dumbbell into a critical size and then start the Ricci flow. It is expected that after some time, all of the left half of the dumbbell pinches off, and forms a singularity like a horn growing out of the (remaining) right half of the dumbbell. See [10] for further descriptions and some very inspiring pictures.
In this paper, we prove that in dimension 3, a rescale limit of a degenerate singularity of Ricci flow is a steady gradient soliton, see Theorem 3. 22. The precise definition of degenerate singularity, given in Definition 1.7, is based on Perelman's notion of canonical neighborhood. Our definition is a geometric one that reflects Hamilton's original picture in [10] . On the other hand, as we will see later in this paper, this geometric definition is equivalent to that the singularity being of type II.
Notations and Definition
All manifolds we consider in this paper are of dimension 3. We use R, often with two variables x and t, to denote the scalar curvature. Rm denotes the full curvature tensor. The Hamilton-Ivey pinching inequality (see [11] ) says, if in the beginning the curvature is bounded from below by −1, then we have Rm ≥ −φ(|R|), where φ is a nonnegative function so that lim r→ φ(r)/r = 0. In particular, when R is large, the full curvature is dominated by the scalar curvature R.
We follow some notations of Perelman [14] , [15] . Assume g(t) is a family of metrics on a manifold M that evolve under the Ricci flow. B(x, t, r) denotes the metric ball centered at x, of radius r with respect to the metric g(t). Then one defines the parabolic neighborhood (1.1) P (x, t, r, −∆t) = B(x, t, r) × [t − ∆t, t].
When we say two sets (U 1 , p 1 , t 1 ) and (U 2 , p 2 , t 2 ) are ǫ-close, typically we first do rescales on U 1 and on U 2 so that R(p 1 , t 1 ) = R(p 2 , t 2 ) = 1, then ǫ-close means these rescaled sets are ǫ-close under C 5 topology. There is a similar notion of ǫ-close between two parabolic neighborhoods.
Since we study only finite time singularities, by 7.3 of [14] , all solutions are noncollapsing. In particular, when a sequence of parabolic neighborhoods admit a uniform curvature bound, we can take pointed limit over a subsequence.
An ancient solution is a solution that exists on the time interval (−∞, T ) for some T ∈ R. The cylinder S 2 × R, with the S 2 direction evolving under the Ricci flow, is an important example. A set (Z, z) evolving under the Ricci flow over time [−t, 0] is called a strong ǫ-neck, if after rescale the metrics by R(z, 0), Z is ǫ-close to an evolving cylinder of length ǫ −1 from time −ǫ −1 to 0.
Clearly the caliber of a cylinder Y is just half of the square of its radius. The following is obvious: 
Then there exists r 0 > 0, so that whenever R( For a proof, see theorem 12.1 of [14] , together with section 1 of [15] . The possibilities i), ii), iii), iv) above give a rough classification of noncollapsing ancient solutions of nonnegative curvature in dimension 3. The parabolic neighborhood P above is called a canonical neighborhood.
Both of the ancient solutions iii (in sufficiently ancient time), and iv (in all time), contain a piece of evolving cylinders; see [14] sections 11, 12 and especially 1.4 of [15] . To emphasis the difference between cases ii), iii), iv), remember Proposition 1.5 (Perelman) . Assume X is an ancient, noncollapsing 3-dimensional ancient solution with nonnegative, nonconstant (at each time slice) curvature. Then at each time (e.g. t = 0), X can be decomposed into two parts, X C and X T ; either of them can be empty. X T is connected; X C has at most two connect components and is connected when M is noncompact. The boundary components (if any) of X C and X T are all diffeomorphic to S 2 .
Each connected component of X C is compact, for all p, q in the same connect component of X C , we have Most of the above is proved in section 11 (especially 11.8) of [14] , the last part concerning the topology of X C can be found in section 1 of [15] ; the proof uses a compactness argument (go to ancient time) involving the soul theorem, see for example chapter 9 of [13] , [12] and [3] .
Roughly speaking, the above Proposition says the following. Assume X is not a space form, then X can be decomposed into a "tube part" X T and a "cap part" X C . More precisely, when X is noncompact, then either X is just the tube, or it is an approximate tube being connected, through one S 2 boundary, to a cap that is diffeomorphic to B 3 or RP 3 − B 3 . The later case is isometric to S 2 × R/Z 2 .
X T X C Figure I . Figure I shows the cap-tube decomposition of the ancient solution case iv) in Proposition 1.4. We can take the convention that, if the canonical neighborhood in Proposition 1.4 fall into case iv) and the canonical neighborhood lies in the X T part, then we shall classify this neighborhood into case ii). In another word, when the canonical neighborhood is of case iv), then the neighborhood contains X C .
When X is compact, we have two cases. If X is not "long enough", then X itself is X C , which is diffeomorphic to S 3 or RP 3 ; if X is "long enough", then X comes from a bounded tube X T being capped at its two ends by two caps X C : at one of these cap must be B 3 , the other may be either
Figure II is a picture of the ancient solution iii in Proposition 1.4; this is the "long" case so that the tube part X T is nonempty.
1 In this case, if the canonical neighborhood falls on X T , or, on a component of X C that is diffeomorphic to RP 3 − B 3 , then we classify it into case ii of Proposition 1.4; if it falls on a component of X C that is diffeomorphic to B 3 , by a compactness argument we classify it into iv) of Proposition 1.4.
In particular, we can choose ǫ so that the options i), ii), iii), iv) of Proposition 1.4 are mutually exclusive. With these information, we give a working definition of degenerate singularity of Ricci flow in dimension 3: A glance at Hamilton's picture in [10] suggests that one might also include case ii) in Proposition 1.4, when the canonical neighborhood is S 2 × R/Z 2 ; we will discuss this possibility in the end of this paper.
It is possible that the solution goes singular everywhere, i.e. scalar curvature goes to infinity everywhere as t → T − . At this moment we don't know a compact example that extincts everywhere while developing a degenerate singularity. On the other hand, Perelman's standard solution in Section 2 of [15] is a noncompact example. If the solution extincts everywhere at T , then the topology of M is quite simple, see sections 3 and 4 of [15] .
There is an important gradient estimate for scalar curvature, see ( 
The next is a very useful locally splitting theorem: Proposition 1.10 (Perelman). Given any ǫ, there exists η > 0 so that the following is true:
Assume X is a noncollapsing, noncompact, ancient solution of nonnegative, bounded curvature defined for time t ∈ (−∞, 0]. Assume γ is a minimal geodesic segment at time 0, with two end points p 1 and p 2 , and p is a point on γ. Assume
This follows from Perelman's compactness theorem, see 11.7 of [14] : roughly, if this is not true, take a limit of counterexamples. By Perelman's curvature bound (see the last three lines in page 30 of [14] ), we see the distance from p to p 1 , p 2 goes to ∞.
Therefore the limit contains a line and splits; it must be the cylinder and that is a contradiction. See also [12] , [13] , [3] for more details.
Finally, with nonnegative curvature, a singularity must happen everywhere: Proposition 1.12 (Perelman) . Assume X is a noncollapsing ancient solution of strictly positive curvature. If X develops a singularity at time T , then for all x ∈ X,
See the proof of 12.1, Claim 2, in [14] .
A theorem on ancient solutions
Very similar to Definition 1.2, we define 
.
In view of Proposition 1.5, the above limit exists; in fact, the solution is close to a cylinder with the above caliber when x → ∞.
Since (X, g(0)) has bounded curvature, by Shi's theorem [16] we can extend the solution for a short time beyond t = 0. Moreover, on each time slice, the curvature is bounded, positive; see [17] Theorem 4.14. See also 12.1 of [13] for an alternative argument.
Lemma 2.3. Assume g(t)
is a maximal solution with initial data (X, g(0)) that has bounded curvature in each time slice. Then g(t) exists on [0, C), where C is the caliber of (X, g(0)). Moreover, if C < ∞, then for all x ∈ X, lim t→C − R(x, t) = ∞.
Here "maximal" means the following. We can give a partial order to the set of all Ricci flow solutions with bounded curvature at each time slice and with initial data (X, g(0)): we say g 1 ≤ g 2 if g 2 is an extension (in time) of g 1 . Maximal means maximal according to this partial order. Proof. The proof is exactly the same as the argument in section 2 of [15] , where Perelman proved the the life of the standard solution is its caliber at initial time. See [12] , [13] , [3] for more details.
Recall that a solution develops a type I singularity, if the solution goes singular at time T and there exists C ≥ 0 so that (2.4) lim sup
2 Implicitly in this statement, extension(s) may or may not be unique. Recent there have been results on the uniqueness of Ricci flow, these could make some of our arguments more simple.
Theorem 2.5. There is no noncollapsing, noncompact ancient solution with strictly positive curvature that has a type I singularity.
We argue by contradiction. Assume there is one such solution X. Notice we assume positive curvature, so the solution is diffeomorphic to R 3 , its structure is described in Proposition 1.5, see Figure I . In the next two lemmas we show that one can get a global curvature bound similar to (2.4). Lemma 2.6. We have
In particular, C > 0 and there exists c > 0 so that for all t close to T and all x,
Proof. By lemma 2.3, at time t the caliber of (X, g(t)) is T − t. Therefore
We claim there is a universal constant c so that for all y ∈ X,
As in many occasions in Perelman's papers, e.g. the last paragraph in 11.7 of [14] , this follows from Yau's volume comparison argument with base point at infinity. For reader's convenience, we give a sketch:
By doing a rescale we can assume T − t = 1. Take a ray γ with γ(0) = y. If the distance s 1 is sufficiently large, a neighborhood of γ(s 1 ) is close to a (piece of) cylinder with caliber T − t. Take s 2 ≫ s 1 , let p = γ(s 2 ), define the one-direction annulus
The volume comparison based at p implies
, is approximately a cylinder of length 2D and caliber T − t, we see
If R(y, t) is too small, say R(y, t) ≤ c, then by Perelman's compactness theorem for ancient solution (see the proof of 11.7 of [14]), we have R ≤ 1 on B(y, t, D), so by the noncollapsing assumption we have
Now (2.14) together with (2.13) contradicts (2.12). 
Proof. Let t i → T − . Take pointed rescale limit at points (x i , t i ) in the cap region, i.e. at the X C region (see Proposition 1.5), this will guarantee the limit does not split. Then translate the singular time to 0. The conclusion follows from the previous lemma.
However, such ancient solution does not exist: 
2). For all (x, t) we have c ≤ |t| · R(x, t) ≤ C.
We break the proof into a sequence of lemmas. In view of Proposition 1.5, at time t when x ∈ X T , we say x is on the cap at time t; when x ∈ X T , we say x is the center of a tube at time t; see Figure I . When curvature is strictly positive, X C here is diffeomorphic to the solid ball B 3 . A point x may be on the cap at one time and be the center of a tube at another time. Proof. In fact, if this is not true, then assume (p i , −1) → (p, −1). Take (p, −1) as the base point and take the constant curve p from inverse time 0 to τ , and compute Perelman's l functional, we get
Thus by Perelman's asymptotic soliton theorem ([14] Proposition 11.2, see also [12] , [13] ), if we take a rescaled limit at (p, τ ), we shall get a nonflat shrinking soliton. The limit soliton cannot be compact, and since p stay on the cap all the time, the limit does not split, i.e. the limit soliton is of positive curvature. By section 1 of [15] , shrinking solitons are either space forms or S 2 × R, or S 2 × R/Z 2 , none of them contains a cap-like neighborhood. That is a contradiction. Proof. This follows exactly the proof for Proposition 11.2 in [14] . We just need to replace the bound n/2 for l there by C. See [18] for more details. Proof. Observe, at time t, at space infinity the solution looks like a tube of caliber |t|. So no matter where the base point (p, t) ∈ X for l locates, we have
In fact, pick a base point (p, t), translate the time t to 0; then we have the inverse time τ . Apply Proposition 11.2 in [15] , because the asymptotic soliton is noncompact, it must be S 2 ×R (it is easy to check S 2 ×R/Z 2 does not happen). Therefore the ancient soliton is a evolving cylinder that goes singular at time 0. On the cylinder we seẽ V cylinder (τ ) =Ṽ cylinder (∞) does not depend on τ . Then because Ric + Hess l = g/(2τ ) on the cylinder, it is easy to compute that when τ = 1, (2.25)
where x is the coordinate in the R direction. Therefore integrate on the cylinder,
By Perelman's growth estimate for l (see Lemma 3.2 in [18] ), one can bound the contribution toṼ outside any give distance. Moreover the scale-down limit of l is just l cylinder . Then one gets
Especially, pick any (z, −1) in an evolving cylinder Z as the base point for computing l, we get the same limit valueṼ Z (∞) = 2e −1 (4π) 3/2 . Although bothṼ Z and V cylinder are computed on evolving cylinder, they are different in thatṼ cylinder is defined as the limit of reduced volumes over rescaled manifolds, essentially it used the singularity as base point;Ṽ Z used an ordinary point (z, −1) as base point. Thereforẽ V cylinder (τ ) does not depend on τ whileṼ Z (τ ) does.
There exists N so that
Moreover, there is a radius D ≫ √ N so that
If we take pointed limit with base points (p i , −1) ∈ X going to space infinity, we get a cylinder of caliber 1. Therefore if we go sufficiently far into the space infinity, 
RecallṼ is a decreasing function in τ ; see (7.12)-(7.13) in [14] . So the above combined with (2.24), (2.28) and (2.29) proves the conclusion. Now we prove Theorem 2.17. Take a sequence (p j , t j ) with t j → −∞ that are on the cap. Then for sufficiently large j with |t j | > N (here N is the number in Lemma 2.22), we see (p j , −1) is so far into space infinity that if we use (p j , −1) as the bast point for l, we get
for all τ > N. In particular we take (p j , −1) as the base point and use τ = −1 − t j . The type I assumption implies a bound of l at (p j , t j ), evaluated on the constant curve p j . Therefore by Lemma 2.20, after rescale by R(p i , t i ) we see a big neighborhood of (p i , t i ) is close to s set in a shrinking soliton. But this is impossible because (x i , t i ) ∈ X C .
Forward limit and eternal solutions
To get more concrete information, especially for taking forward limit, we need the following lemma, which could be used as an alternative definition of degenerate singularity; this is very similar to Lemma 4.3 in Perelman's second paper [15] . Lemma 3.1. Assume a degenerate singularity happens at time T , and the solution does not extinct everywhere at T . Then there exists a positive real number ǫ > 0 (depending on the solution) and a compact set B ⊂ M that is diffeomorphic to a solid 3-ball, so that there exists a neighborhood of ∂B, for all t ∈ [T − ǫ, T ), after rescale the metric by R(p, t), is 10 −2 -close to a cylinder of scalar curvature 1 and length 100; and we have (3.2) lim sup
Moreover, let p(t) ∈ B be a point so that
Proof. Let (x i , t i ) be a sequence of points as in Definition 1.7. Since M is compact, we can assume
In fact, if this is not true, then for some C > 0, there exists t so that T − t is arbitrarily small while R(x, t) < C; we pick such a time t * that is sufficiently close to T . By the gradient estimate (1.9) in the space direction, we see a neighborhood N of (x ∞ , t * ) has bounded curvature. Now because we have chosen t * sufficiently close to T , by the time-direction gradient estimate in (1.9), N has a uniform curvature bound on the time interval (t * , T ). So on N , the metrics from time t * to T are uniformly equivalent. In particular, for sufficiently large i we have x i ∈ N ; this contradicts to the fact R(x i , t i ) → ∞.
It is assumed that the solution does not extinct everywhere at time T . As we have seen above, by the gradient estimate (1.9), near time T , curvature cannot increase/decrease suddenly. So there is a point y so that (3.6) lim sup
Pick a time t * that is sufficiently to T so that
0 , C}, here r 0 is the canonical neighborhood parameter in Proposition 1.4, and η is the constant in Perelman's splitting argument, see Proposition 1.10. Take a minimal geodesic γ with respect to g(t * ), from x ∞ to y, parametrized by s. Let r 1 be so that r 1 }. Now since t * is sufficiently close to T , by applying the gradient estimate (1.9), we can assume on the time interval (t * , T ) we have
By Proposition 1.10, the canonical neighborhood of γ(s 0 ) at time t * is a tube, with radius r 1 √ 2. We now remove a center sphere S 2 in this tube at γ(s 0 ) from the manifold (M, g(t * )) and get an incomplete Riemannian manifold, possibly with 2 components. In any case, pick the component that contains x ∞ and take its closure M * . ∂M * is either connected or has two components, all diffeomorphic to S 2 . Write S = ∂M * when ∂M * is connected; when ∂M * has two components, let S the component of ∂M * that is closer to γ(s 0 − δ), with δ = R(γ(s 0 ), t * ) −1/2 . In another word, S is directly hit by the part of γ coming from x ∞ .
The Ricci flow still runs on this manifold (it runs on the original manifold M, we just remove a sphere). For all t ∈ [t * , T ), pick a point q(t) that is furthest from S:
Let α be a minimum g(t)-geodesic from S 2 to q(t). At time t * , S is the start of a piece of tube, in which γ is passing through, with length |s 1 − s 0 |, along which the scalar curvature changes from r In particular, M * is diffeomorphic to a solid ball or RP 3 − B. Now x ∞ ∈ M * , and the curvature at ∂M * = S 2 remain bounded when t → T , we conclude that for i sufficiently large, x i ∈ M * . In particular, the possibility M * = RP 3 − B is ruled out, because M * contains a cap diffeomorphic to B 3 . Therefore, we can just make p(t) = q(t) and B = M * .
Case II.
There is a minimal s ′ with s > |s 0 − s 1 | so that
1 . We will prove that this is impossible. Assume it does happen, we will find a minimum s 2 with s 2 > |s 0 − s 1 | so that
1 . Since we choose t * to be sufficiently close to T , by the gradient estimate (1.9), a neighborhood N 2 of α(s 2 ) has a curvature bound (3.14)
R ≤ 10r
for all time t ∈ [t * , T ). Again by Proposition 1.10, the canonical neighborhood near N 2 is a cylinder. Now we cut M * at a center sphere at α(s 2 ) and take the component C that contains γ(s 1 ). This component C is just a piece of a cylinder, see also Proposition 1.10. In particular, by the choice of γ(s 1 ), we have x ∞ ∈ C. Now we have uniform curvature bounds on the two ends of this cylinder on the time interval [t * , T ). In particular, for sufficient large i, we have x i ∈ C. On the other hand, also by (1.9), there is actually a lower bound for all x ∈ C and t ∈ [t * , T ). This means for all time t ∈ [t * , T ), all x ∈ C has a canonical neighborhood. We already know that near the two ends, the canonical neighborhoods are both cylinders, therefore we conclude all points in C has cylinder as a canonical neighborhood. This contradicts the fact that the canonical neighborhood of (x i , t i ) is a cap.
Assume a degenerate singularity happens at time T . By taking a rescale limit at (p(t), t) above, with t → T − , we get an ancient solution X. Since the canonical neighborhood of p(t) are of case iv) in Proposition 1.4, the limit X is necessarily of strictly positive curvature, otherwise the solution is S 2 × R or its Z 2 quotient, by the strong maximum principle. By a translation in time, X exists on (−∞, 0].
Let T 1 > 0 be the maximum time so that there is an extension of X up to time T 1 and for all t < T 1 , the curvature of g(t) is positive and bounded. Therefore T 1 is the caliber of (X, g(0)), see Lemma 2.3. We are not saying this extension is unique. Moreover, a priori, when 0 < T ′ < T 1 we do not know if the solution (X, g(t)), with −∞ < t ≤ T ′ , is a rescale limit of the original Ricci flow on M.
Lemma 3.16. There exists an extension (X, g(t)) with −∞ < t < T 1 , where T 1 is the caliber of (X, g(0)), so that for all T ′ > 0 with T ′ < T 1 , the ancient solution X over time (−∞, T ′ ] is a rescale limit of the original solution on M.
Proof. Consider the set of time T , so that there is an extension of X to time T , and the ancient solution X over time (−∞, T ) is a rescale limit of the original solution on M. Let T 0 be the supremum of this set.
First of all, we have T 0 > 0. In fact, a rescale of M is close to (X, g(0)) under the pointed C 3 topology. We can assume the rescale is taken at p(t) in Lemma 3.1, remember that the original solution does not go singular unless R(p(t), t) goes to infinity. Now the corresponding neighborhood N (t) of p(t) contains a cap part N C and a tube part N T that corresponds to the X C , X T decomposition of X.
From the definition of p(t) in (3.3), as long as the Ricci flow is running (at least for a short time when the metric geometry of N does not change too much), p(t + ∆t), the global maximum point of a distance function, must remain in N . The gradient estimate (1.9) implies the curvature on N cannot go to infinity immediately; so R(p(t + ∆t), t + ∆t) does not go to infinity immediately. During this time period the solution cannot go singular. Therefore we can take a definite short time forward limit at p(t). This limit extends X, so T 0 > 0. Now we can repeat this argument (i.e. view T 0 as time "0") as long as X does not go singular, therefore we must have T 0 = T 1 , the caliber of (X, g(0)).
We would like to have T 1 = ∞, that is, X is an eternal solution by Lemma 2.3. Assume this is not the case, then it is necessary that the solution develops a singularity at time T 1 . By Theorem 2.5, this singularity is of type II as defined in [10] , that is, (3.17) lim sup
Proof. This follows from Theorem 2.5. Notice that the soliton we get is also radial symmetric; see [15] , chapter 12 of [13] . Therefore by the discussion in [5] the soliton must be the Bryant soliton.
Perelman conjectured that Bryant soliton is the only noncompact ancient solution with positive curvature; this will imply all the results in our paper. It should be true that every rescale limit taken along (p(t), t) in Lemma 3.1 must be the Bryant soliton. Unfortunately currently there are several difficulties in this direction.
Finally we mention that analogue result of Lemma 3.1 for RP 3 −B 3 caps also holds. In fact one can prove that locally the singularity is of type I and a rescale limit is S 2 × R/Z 2 ; one can get an example for such a singularity (e.g. taking Z 2 quotient of the examples in chapter 2, [4] ). Therefore we will not classify this case as degenerate.
